Lecture 1

Weighted automata basic definitions

Powered by BeamerikZ


https://www.mimuw.edu.pl/~mskrzypczak/projects/beamerikz/

Finite automata

Definition
A finite automaton is A = (Q, X, T,/, F), where:

Q is a finite set of states

Y is a finite alphabet

T C Q x X x Q is a finite set of transitions

I,F = Q are the sets of initial and final states
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Finite automata

Definition
A finite automaton is A = (Q, X, T,/, F), where:

Q is a finite set of states

Y is a finite alphabet

T C Q x X x Q is a finite set of transitions

I,F = Q are the sets of initial and final states

a, b b
Example: . p b @
* Q= {p,q}
e Y ={a b}
e T={(p,a,p),(p,b,p),(p,b,q),(q,b,q)}
e | ={p}, F=1{q}
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Finite automata runs
Llet A= (Q, X, T, F)

Arunof Aonw=a,...a,€XL"isp=ty...t, where:

L ti = (piaal'a ql) el

e g_1=pforalli=2...,n
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Finite automata runs
Llet A= (Q, X, T, F)

Arunof Aonw=a,...a,€XL"isp=ty...t, where:

L ti = (piaal'a ql) el

e g_1=pforalli=2...,n

It is an accepting run if

e poel, g, e F
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Finite automata runs
Llet A= (Q, X, T, F)

Arunof Aonw=a,...a,€XL"isp=ty...t, where:

L ti = (piaal'a ql) el

e g_1=pforalli=2...,n

It is an accepting run if

e poel, g, e F

The set of all runs of A on wis R,
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Finite automata runs
Llet A= (Q, X, T, F)

Arunof Aonw=a,...a,€XL"isp=ty...t, where:

o ti=(piai,q)eT

e g_1=pforalli=2...,n

It is an accepting run if

¢ ,D()El, anF
The set of all runs of A on wis R,

For every p € R,,: val(p) = true if p is accepting, otherwise val(p,,) = false
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Finite automata runs
Llet A= (Q, X, T, F)

Arunof Aonw=a,...a,€XL"isp=ty...t, where:

ti=(pi,ai,qi) € T
gi—1=piforalli=2,...,n

It is an accepting run if

pel qg,eF
The set of all runs of A on wis R,
For every p € R,,: val(p) = true if p is accepting, otherwise val(p,,) = false

[A] : &* — {false, true}
[A] (w) = \/ val(p)

peRy
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Finite automata runs
Llet A= (Q, X, T, F)

Arunof Aonw=a;...a,eX"isp=t...t, where:
ti= (pi,ai,q)e T
gi—1=piforalli=2,...,n

It is an accepting run if

pel qg,eF
The set of all runs of A on wis R,
For every p € R,,: val(p) = true if p is accepting, otherwise val(p,,) = false

[A] : &* — {false, true}

[Al (w) = \/ val(p)
L(A) = {w | [A] (w) = true} peRu
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Automata counting things

What about A : ¥* — numbers, N?, Q7
How many a's are there in the word?

What is the probability of acceptance?
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Automata counting things

What about A : ¥* — numbers, N?, Q7
How many a's are there in the word?

What is the probability of acceptance?

Add values on transitions

O

Filip Mazowiecki Automata and sequences 3/ 17
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What about A : ¥* — numbers, N?, Q7
How many a's are there in the word?

What is the probability of acceptance?

Add values on transitions

OO
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Automata counting things

What about A : ¥* — numbers, N?, Q7
How many a's are there in the word?

What is the probability of acceptance?

Add values on transitions

OO

To discuss what numbers first we will describe the semiring structure

in the following slides
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Commutative semirings

S(P,,0,1) aset S with two operations and axioms

Filip Mazowiecki Automata and sequences 4 /17



Commutative semirings

S(P,,0,1) aset S with two operations and axioms
1. (S,®) is a commutative monoid with identity O
e (a®b)Dc=ad®(b®c)

e 0Pa=a®@0=a

e aPb=bPa

2. (S,©) is a commutative monoid with identity 1
e (a0Ob)Oc=a0(bGc)

e lGOa=a@Gl=a

e aOb=bOa

3. Distributivity

e a0 (bPc)=a®@bPabdc

4. Annihilation

e 0©a=a00=0
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(Commutative) semirings examples

e Rings like (Q,+,-,0,1)
e Natural numbers (N, +,-,0,1)
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(Commutative) semirings examples

e Rings like (Q,+,-,0,1)
e Natural numbers (N, +,-,0,1)

Remark

(N, +,-,0,1) is not a ring because —1 ¢ N.
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(Commutative) semirings examples

e Rings like (Q,+,-,0,1)
e Natural numbers (N, +,-,0,1)

Remark

(N, +,-,0,1) is not a ring because —1 ¢ N.
Tropical semirings

e (N,,,min, +,00,0), where N, . = N U {+ o0}

e (N_,, max, +,—00,0), where N, ., = N U {—o0}
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(Commutative) semirings examples

e Rings like (Q,+,-,0,1)
e Natural numbers (N, +,-,0,1)

Remark

(N, +,-,0,1) is not a ring because —1 ¢ N.

Tropical semirings
e (N,,,min, +,00,0), where N, . = N U {+ o0}

e (N_,, max, +,—00,0), where N, ., = N U {—o0}

Note: ® =min, © =+, 0=+400,1=0
Axioms work:

n®0=n becomes min(n,+0)=n
n®l=n becomes n+0=n
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Weighted automata

Definition
A weighted automaton over a semiring S(®,®,0,1)is A = (Q, X, T,/, F):

Q is a finite set of states

Y is a finite alphabet
TC R xXxS x Q is a finite set of transitions

[,F: @ — S are are the initial and final functions
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Weighted automata

Definition
A weighted automaton over a semiring S(®,®,0,1)is A = (Q, X, T,/, F):

Q is a finite set of states

Y is a finite alphabet
TC R xXxS x Q is a finite set of transitions

I,F: Q@ — S are are the initial and final functions

Remark

For every p,q € Q and a € ¥ we assume there is at most one (p,a,s,q) e T
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Weighted automata

Definition
A weighted automaton over a semiring S(®,®,0,1) is A = (Q, X, T, I, F):
e @ is a finite set of states
e ) is a finite alphabet
o T C @ xX xS xQ is a finite set of transitions

e [,F: @ — S are are the initial and final functions

Remark

For every p,q € Q and a € ¥ we assume there is at most one (p,a,s,q) e T

So ignoring S'in T
and identifying / (and F) with I’ = {q | I(q) # 0}

we get a finite automaton
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Weighted automata runs and output
Given A = (Q, X, T,I,F) over S(®,5,0,1)

Arunof Aonw=a,...a,€XL"isp=ty...t, where:
o ti = (pi,ai,s,q) €T

e g_1=pforalli=2...,n
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Weighted automata runs and output
Given A = (Q, X, T,I,F) over S(®,5,0,1)

Arunof Aonw=a,...a,€XL"isp=ty...t, where:
o ti = (pi,ai,s,q) €T

e g_1=pforalli=2...,n

The set of all run of A on wis R,

For t = (p,a,s,q) € T we write val(t) = s.
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Weighted automata runs and output
Given A = (Q, X, T,I,F) over S(®,5,0,1)

Arunof Aonw=a,...a,€XL"isp=ty...t, where:
o ti = (pi,ai,s,q) €T

e g_1=pforalli=2...,n

The set of all run of A on wis R,

For t = (p,a,s,q) € T we write val(t) = s.

Forevery p=t;...t, € Ry: val(p) = I(po) ® @ val(t;)) © F(qn)
i=1
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Weighted automata runs and output
Given A = (Q, X, T,I,F) over S(®,5,0,1)

Arunof Aonw=a,...a,€XL"isp=ty...t, where:
o ti = (pi,ai,s,q) €T
e g_1=pforalli=2...,n

The set of all run of A on wis R,

For t = (p,a,s,q) € T we write val(t) = s.

Forevery p=t;...t, € Ry: val(p) = I(po) ® @ val(t;)) © F(qn)
i=1

Then [A] (w) = @ val(p)  [Al(e) = P 1(q) © F(q)

pERw qe@
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Weighted automata examples

Fix the semiring (N_.,, max, +, —c0, 0)
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Weighted automata examples

Fix the semiring (N_.,, max, +, —c0, 0)

e Longest block of b's

a0 b0 b1 a0 b0
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Weighted automata examples

Fix the semiring (N_.,, max, +, —c0, 0)

e Longest block of b's

a0 b0

T = {(p7 a707p)7 <p7 b707p)7<p7 b717 q)? <q7 b7 ]‘7q)7 (q7 a707 r))" '}
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Weighted automata examples

Fix the semiring (N_.,, max, +, —c0, 0)

e Longest block of b's

a0 b0

T = {(p7 a707p)7 <p7 b707p)7<p7 b717 q)? <q7 b7 17q)7 (q7 a707 r))" '}

Remark
Usually I, F : Q@ — {0,1} = {+00,0}. Then initial state means the value of /
is 1 and O otherwise. Here, I(p) = 0, I(q) = +o0 and /(r) = +00. Similarly
with accepting states and F.
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Weighted automata examples

Fix the semiring (N_.,, max, +, —c0, 0)

e Longest block of b's

a0 b0 b1 a0 b0
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Weighted automata examples

Fix the semiring (N_.,, max, +, —c0, 0)

e Longest block of b's

a0 b0 b1 a0 b0

(> blf%\ao@

o/

o Let w = bbab
All runs starting in g or r have value —c0 + ...+ = —©
All runs ending in p have value ... + (—00) = —0
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Weighted automata examples

Fix the semiring (N_.,, max, +, —c0, 0)

e Longest block of b's

a0 b0 b1 a0 b0

pbl%aO@

o Let w = bbab
All runs starting in g or r have value —c0 + ...+ = —©
All runs ending in p have value ... + (—00) = —0

There are three other runs (skipping 0's from | and F)
1+41+04+0=2, 04+14+0+0=1, 04+4040+1=2
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Weighted automata examples

Fix the semiring (N_.,, max, +, —c0, 0)

e Longest block of b's

a0 b0 b1 a0 b0

(> blf%\ao@

o/

o Let w = bbab
All runs starting in g or r have value —c0 + ...+ = —©
All runs ending in p have value ... + (—00) = —0

There are three other runs (skipping 0's from | and F)
1+41+04+0=2, 04+14+0+0=1, 04+4040+1=2
[A] (bbab) = max{2,1,1, —o0} =2
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Weighted automata examples

Fix the semiring (N_.,, max, +, —c0, 0)

e Maximum of number of a's and number of b's

al b0 a0 bl
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Weighted automata examples

Fix the semiring (N_.,, max, +, —c0, 0)

e Maximum of number of a's and number of b's

al b0 a0 bl

There are always two runs. Consider bbab
0+0+1+0=1and1+14+0+1=3

Output: max{1,3} =3
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Weighted automata examples

Change the semiring to (Q, +,-,0,1)
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Weighted automata examples

Change the semiring to (Q, +,-,0,1)

al b0 a0 bl

There are always two runs. Consider bbab
0-0-1-0=0and1-1-0-1=0

Output: 0+0=0
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Weighted automata examples

Change the semiring to (Q, +,-,0,1)

a2 bl al b2

Filip Mazowiecki Automata and sequences

11/ 17



Weighted automata examples

Change the semiring to (Q, +,-,0,1)

a2 bl al b2

There are always two runs. Consider bbab
1-1-2-1=2and2-2-1-2=28

Output: 2+ 8 =10
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Weighted automata examples

Change the semiring to (Q, +,-,0,1)

This is [[,A]] (W) — Q#a(W) + Q#b(w)

a2 bl al b2

There are always two runs. Consider bbab
1-1-2-1=2and2-2-1-2=28

Output: 2+ 8 =10
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Weighted automata examples

Change the semiring to (Q, +,-,0,1)

This is [[,A]] (W) — Q#a(W) + Q#b(w)

a2 bl al b2

There are always two runs. Consider bbab
1-1-2-1=2and2-2-1-2=28

Output: 2+ 8 =10

It is important to write the semiring of the weighted automaton
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Weighted automata over the boolean semiring

Consider the semiring ({0,1}, v, A,0,1) (0 is false, 1 is true)
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Weighted automata over the boolean semiring
Consider the semiring ({0,1}, v, A,0,1) (0 is false, 1 is true)

e Definitions as expected
Ovli=1 O0A1=0etc...

It is a semiring
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Weighted automata over the boolean semiring
Consider the semiring ({0,1}, v, A,0,1) (0 is false, 1 is true)

e Definitions as expected
Ovli=1 O0A1=0etc...

It is a semiring
e Weighted automata over this semiring are finite automata

Initial, final states are states such that /(g) =1 and F(q) =1

Transitions in finite automata are transitions such that val(t) = 1

Filip Mazowiecki Automata and sequences 12 / 17



Weighted automata over the boolean semiring
Consider the semiring ({0,1}, v, A,0,1) (0 is false, 1 is true)

e Definitions as expected
Ovli=1 O0A1=0etc...

It is a semiring

e Weighted automata over this semiring are finite automata
Initial, final states are states such that /(g) =1 and F(q) =1

Transitions in finite automata are transitions such that val(t) = 1

Then val(p) =1A1A1...A1=1Iif pis accepting
and val(p) = 0 otherwise
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Weighted automata over the boolean semiring
Consider the semiring ({0,1}, v, A,0,1) (0 is false, 1 is true)

e Definitions as expected
Ovli=1 O0A1=0etc...

It is a semiring

e Weighted automata over this semiring are finite automata
Initial, final states are states such that /(g) =1 and F(q) =1

Transitions in finite automata are transitions such that val(t) = 1

Then val(p) =1A1A1...A1=1Iif pis accepting
and val(p) = 0 otherwise

The output is

[A] (w) = \/ val(p)
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Weighted automata different definition

Definition
A weighted automaton A over S(®,®,0,1) is (d, X, {M.} .5, [, F), where:
e d € N is the dimension:
e ) is a finite alphabet;
e every M, is a d x d matrix over S;

e |/ and F are the initial and the final vector in S¢.
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Weighted automata different definition

Definition
A weighted automaton A over S(®,®,0,1) is (d, X, {M.} .5, [, F), where:

d € N is the dimension;

Y is a finite alphabet;

every M, is a d x d matrix over S;

| and F are the initial and the final vector in SY.

[A]: T
[A] (a122...a,) = ITOM;M,,...M, ©F
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Weighted automata different definition

Definition
A weighted automaton A over S(®,®,0,1) is (d, X, {M.} .5, [, F), where:

d € N is the dimension;

Y is a finite alphabet;

every M, is a d x d matrix over S;

| and F are the initial and the final vector in SY.

[A]: T
[A] (a122...a,) = ITOM;M,,...M, ©F

Remark

It makes sense to multiply matrices over any semiring. Over N(max, +)

( 0 —oo> ( 1 —oo) _ <max(0 +1,—00 + —00) max(0 + —o0, —o0 + O))

-0 1 —o 0 max(—o0 + 1,1 + —o0) max(1l + 0, —o0 + —o0)
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Definition equivalence

Set A= (d,%,{M,}.x, I, F) over S(®,®,0,1):
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Definition equivalence
Set A= (d,%,{M,}.x, I, F) over S(®,®,0,1):
o We define A' = (Q, XL, T,/,F)

Q={1,....d)

Vectors F, [ € S9 are the same thing as a functions F,/: @ — S
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Definition equivalence
Set A= (d,%,{M,}.x, I, F) over S(®,®,0,1):
o We define A' = (Q, XL, T,/,F)

Q={1,....d)

Vectors F, [ € S9 are the same thing as a functions F,/: @ — S

T ={(p,a,s,q) | p,ge Q,ac X, s = M,[p, ql}
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Definition equivalence

Set A= (d,%,{M,}.x, I, F) over S(®,®,0,1):

o We define A' = (Q, XL, T,/,F)
Q={1...,d}

Vectors F, [ € S9 are the same thing as a functions F,/: @ — S

T ={(p,a,s,q) | p,ge Q,ac X, s = M,[p, ql}
Theorem

[A] (w) = [A] (w) for all w e L.
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Definition equivalence

Set A= (d,%,{M,}.x, I, F) over S(®,®,0,1):

o We define A' = (Q, XL, T,/,F)
Q={1...,d}

Vectors F, [ € S9 are the same thing as a functions F,/: @ — S

T ={(p,a,s,q) | p,ge Q,ac X, s = M,[p, ql}
Theorem

[A] (w) = [A] (w) for all w e L.

Proof.

[Al(e) =1"oF,  [A] () =DIH)OF()

]

d
=1
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Induction for |w| > 0

Definition
RP:9 is the set of runs in A’ from state p to state g over w
For every p =t ... t, we denote by trans(p) = val(t;) © ... O val(t,)
(val(p) ignoring | and F)
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Induction for |w| > 0

Definition
RP:9 is the set of runs in A’ from state p to state g over w
For every p =t ... t, we denote by trans(p) = val(t;) © ... O val(t,)
(val(p) ignoring | and F)

Lemma
M, ...M,[p,q @ trans(p

RPq
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Induction for |w| > 0

Definition
RP:9 is the set of runs in A’ from state p to state g over w
For every p =t ... t, we denote by trans(p) = val(t;) © ... O val(t,)
(val(p) ignoring | and F)

Lemma
M, ...M,[p,q @ trans(p

pERp q

Proof of Lemma (by induction on |w|).

if [w| = 1 then there is only one run from p to ¢

the transition from p to g whose values is M|p, g| by definition
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Induction for |w| > 0

Definition
RP:9 is the set of runs in A’ from state p to state g over w
For every p =t ... t, we denote by trans(p) = val(t;) © ... O val(t,)
(val(p) ignoring | and F)

Lemma
M, ...M,[p,q @ trans(p

pERp q

Proof of Lemma (by induction on |w|).

if [w| = 1 then there is only one run from p to ¢

the transition from p to g whose values is M|p, g| by definition
if |w| > 1 then write w = avforveX  andack
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Induction continued

Notation t; = (pj, a;, si, ;) € T, where g; = p;11
Then Rﬁ/’q = {tltg R ’ pr=p, ... t, € R‘I/)Z’q}
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Induction continued

Notation t; = (pj, a;, si, ;) € T, where g; = p;11
Then Rﬁ/’q = {tltg R ’ pr=p, ... t, € R‘l/327Q}

So @ trans(p) = P My [p,1]© P trans(p)

peRb4 q1=p2cQ p’eR(P’q
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Induction continued

Notation t; = (pj, a;, si, ;) € T, where g; = p;11
Then Rﬁ/’q = {tltg R ’ pr=p, ... t, € R52,Q}

So @ trans(p) = P My [p,1]© P trans(p)

peRb4 q1=p2cQ p’eR(P’q

By induction = @ M, |p1,q1] ©M,, ... M, [p2, q]

q1=p2cQ
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Induction continued

Notation t; = (pj, a;, si, ;) € T, where g; = p;11
Then Rﬁ/’q = {tltg R ’ pr=p, ... t, € R52,Q}

So @ trans(p) = P My [p,1]© P trans(p)

peRb4 q1=p2cQ p’eR(P’q

By induction = @ M, |p1,q1] ©M,, ... M, [p2, q]

q1=p2cQ

The lemma follows from the definition of matrix multiplication

For any matrices A, B in dimensions d we have

ABlp,ql = & Alp,i]Bli,q]
i{l,...,d}
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Final step

We proved M,, ... M, [p,q] = @D trans(p)

pERﬁ/’q
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Final step

We proved M, ... M, |p,q @ trans(p

pERP ,d

But [A] (W) =1"TOM,...M,, OF = P 1(p) ©M,, ... M,,[p.q] © F(q)
p.qe@Q
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Final step

We proved M, ... M, |p,q @ trans(p

pERP ,d

But [A] (W) =1"TOM,...M,,OF = P I(p)OM,, ...

P.qe@
By lemma = @@ & /(p) ©trans(p) © F(q)
P:qe@ peRP9
Filip Mazowiecki Automata and sequences

M.,[p,q] © F(q)

17 /17



Final step

We proved M, ... M, |p,q @ trans(p
pERPq

But [A] (W) =1"TOM,...M,,OF = P I(p)OM,, ...

P,qeQ
By lemma = @@ & /(p) ©trans(p) © F(q)
P,GeQ peRP9
Which is equal to (P val(p)
peRy
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Final step

We proved M, ... M, |p,q @ trans(p
pERPq

But [A] (W) =1"TOM,...M,,OF = P I(p)OM,, ...

P.qe@
By lemma = @@ & /(p) ©trans(p) © F(q)
P:qe@ peRP9
Which is equal to (P val(p)
peRy
The opposite translation on tutorials
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