Lecture 9

Equivalence of weighted automata over fields is in PTIME

Powered by BeamerikZ


https://www.mimuw.edu.pl/~mskrzypczak/projects/beamerikz/

Equivalence of weighted automata (1)

A and B over (Q,+,-,0,1)is A = B?
(or any field actually)
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Equivalence of weighted automata (1)

A and B over (Q,+,-,0,1)is A = B?
(or any field actually)

Theorem (Schiitzenberger 1961)

Equivalence of weighted automata over fields is in PTIME
e This has many (theoretical) applications, for example in learning
e | present a proof due to Nathanaél Fijalkow

Proof.

Let C = A~ B={d,X,{M}aes,/,F}

We want to know if C(w) = 0 for all words w
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Equivalence of weighted automata (2)

Recall that C(ay...a,) = I"M,, ... M, F
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Recall that C(ay...a,) = I"M,, ... M, F

We define the following sequence of X; < Q¢

eucXy < [-u=0

e ue Xy,1 < ueXcand M,-ue X, forallae X
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Recall that C(ay...a,) = I"M,, ... M, F

We define the following sequence of X; < Q¢
eucXy < [-u=0

e ue Xy,1 < ueXcand M,-ue X, forallae X

Claim
1. Xo2 X1 2 X...

2. X is a vector space for every k
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Recall that C(ay...a,) = I"M,, ... M, F

We define the following sequence of X; < Q¢

eucXy < [-u=0

e ue Xy,1 < ueXcand M,-ue X, forallae X
Claim
1. Xo2 X1 2 X...

2. X is a vector space for every k
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Equivalence of weighted automata (2)

Recall that C(ay...a,) = I"M,, ... M, F

We define the following sequence of X; < Q¢
eucXy < [-u=0

e ue Xy,1 < ueXcand M,-ue X, forallae X

Claim
1. Xo2 X1 2 X...
2. X is a vector space for every k
Proof. trivial

o Let X = ﬂka
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Equivalence of weighted automata (3)

Lemma
1. If X1 = Xk then Xy 0 = Xii1
2. X =Xg=Xg41= ...
3. For all k
F e X iff A(w) =0 for all w e X<k
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1. If X1 = Xk then Xy 0 = Xii1
2. X =Xg=Xg41= ...
3. For all k
F e X iff A(w) =0 for all w e X<k

e First, why Claim and Lemma imply the ptime algorithm?
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Equivalence of weighted automata (3)

Lemma
1. If X1 = Xk then Xy 0 = Xii1
2. X =Xg=Xg41= ...
3. For all k
F e X iff A(w) =0 for all w e X<k

e First, why Claim and Lemma imply the ptime algorithm?

lteratively compute the basis of Xj, X, ...

until it stabilises (after at most d steps)
Finally, check if F e X

How to iteratively compute the basis?

Filip Mazowiecki Automata and sequences 3/ 7



Equivalence of weighted automata (4)

e Given a matrix M and a basis of a vector space V

compute a basis of {u | M- ue V}

Filip Mazowiecki Automata and sequences 4 /7



Equivalence of weighted automata (4)

e Given a matrix M and a basis of a vector space V

compute a basis of {u | M- ue V}

This is enough because

Xk+1 = Xk M ﬂaez{u ‘ Ma - u e Xk}
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Equivalence of weighted automata (4)

Given a matrix M and a basis of a vector space V

compute a basis of {u | M- ue V}

This is enough because

Xk+1 = Xk M ﬂaez{u ‘ Ma - u e Xk}

To compute this let V' = V n im(M)
We need to compute M'’s preimage of V'
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This is enough because

Xk+1 = Xk M ﬂaez{u ‘ Ma - u e Xk}

e To compute this let V' = V n im(M)
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Equivalence of weighted automata (4)

e Given a matrix M and a basis of a vector space V

compute a basis of {u | M- ue V}

This is enough because

Xk+1 = Xk M ﬂaez{u ‘ Ma - u e Xk}

e To compute this let V' = V n im(M)
We need to compute M'’s preimage of V'
Let M’ be M rewritten so that the columns of M have the basis of V'

From this you can extract the basis

e |t remains to prove the Lemma
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Equivalence of weighted automata (5)

ueXy <= [-u=0

ue X1 < uvueXcand M, -ue X, forallae X

1. If X1 = Xk then Xiio = Xiiq
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Equivalence of weighted automata (5)

ueXy <= [-u=0

ue X1 < uvueXcand M, -ue X, forallae X
1. If X1 = Xk then Xiio = Xiiq

Xiio © Xii1 we already know

For Xk+1 - Xk+2 let u e Xk+1
We need to show that v € Xj,» so

M, -ue Xiqforallae X
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Equivalence of weighted automata (5)

ueXy <= [-u=0
ue X1 < uvueXcand M, -ue X, forallae X

1. If X1 = Xk then Xiio = Xiiq

Xiio © Xii1 we already know

For Xi11 € Xkio let ue Xiiq

We need to show that v € Xj,» so
M, -ue Xiqforallae X

Since u € Xi.1 then M, - ue X, for all a

But since X1 = X we get M, - ue Xy
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Equivalence of weighted automata (6)

2 X =Xy=Xg11=...
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Equivalence of weighted automata (6)

2 X =Xy=Xg11=...

This is trivial because

Xk are vector Spaces
dim(Xo) < d

Previous property
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Equivalence of weighted automata (7)

3. For all k
F € X iff A(w) =0 for all w e X<k
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e We prove by induction that for all w = a; ... a, € =k

ueXy < |-M, - u=0
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3. For all k
F € X iff A(w) =0 for all w e X<k

e We prove by induction that for all w = a; ... a, € =k
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e Base case k = 0 is by definition of Xj
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Equivalence of weighted automata (7)

3. For all k
F € X iff A(w) =0 for all w e X<k

e We prove by induction that for all w = a; ... a, € =k

ueXy < |-M, - u=0

e Base case k = 0 is by definition of Xj

e Induction step: we only need to prove for words in ¥**1

let w' = wa, where |w| = k and a€ ¥ and let u e Xy 1

then M, - u e X,
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Equivalence of weighted automata (7)

3. For all k
F € X iff A(w) =0 for all w e X<k

e We prove by induction that for all w = a; ... a, € =k

ueXy < |-M, - u=0

e Base case k = 0 is by definition of Xj

e Induction step: we only need to prove for words in ¥**1

let w' = wa, where |w| = k and a€ ¥ and let u e Xy 1

then M, - u e X,

So by induction assumption | - M,, - M, - u =0
Done because M,, - M, = M,
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